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A l l  questions may be attempted but only mark8 obtained on the best f o u r  
solutions will count. 

The use of an electronic calculator is n o t  permitted in this examination. 

. (a) Give the  definition of a group, defining the  terms you use. Prove 
tha t  in any group the identi ty e lement  is unique,  and each e lement  has 
a unique inverse. 

(b) Determine  whether  or not  the  following sets G under  the given 
operat ion * are groups, just ifying your answer: 

(i) G =  R -  { - 2 ) ,  a , b = a b +  2a + 2b+ 2, 

(ii) G = ~ , a * b = a - b ,  

(iii) G = (x  E R :  x > 0}, a * b = +v/-a -~ + 52. 

. (a) State (do not prove) Lagrange's  Theorem.  Hence prove tha t  in a 
finite group G the order of any e lement  divides the  order of the group. 

(b) 
p). 

(c) 

(d) 

Deduce tha t  for any prime p if a ~ 0 (mod p) then a p-1 - 1 (mod  

Find 235o9 (mod 37). 

Find an number x such tha t  x T - 2 (mod 37) 

. (a) Stating clearly any results you use, prove tha t  for any two n × n 
matrices A and B, de t (AB)  = d e t ( A ) d e t ( B ) .  

(ib b) (b) Find det  a b 
b a 

factors. 

, expressing your answer as a product  of l inear 
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. (a) Let A be an n x n mat r ix  over R. Give the def ini t ion of: 

(i) an eigenvalue A of A; 

(ii) an eigenvector corresponding to A; 

(iii) the  eigenspace E~ of A; 

(iv) A is diagonalizable (over ~) .  Sta te  (do not  prove) the  basic criterion 
for a ma t r ix  to be diagonalisable. 

(b) Let Ai (i = 1, .., r)  be the dis t inct  eigenvalues of  A; prove tha t  the 
sum ~E~=I E~, is direct.  Deduce t ha t  if ~i~1 d im(Ex, )  = n then A is 
diagonalisable.  

(c) Prove t h a t  the following matr ix  is diagonalisable:  

1 0 1 
1 0 1 

- 2  0 - 2  2 

( 3 / 2  - 1 )  
5. L e t A =  1/2 0 " 

(i) F ind  an invertible mat r ix  P such t ha t  P-lAP is diagonal. 

(ii) F ind  A" for n E N 

(iii) Solve the system of difference equat ions 

3 
Xn+l ~ ~Xn -- Yn 

Yn+l -~Xn 

given t ha t  x0 = 0, y0 = 1. 

F ind  the  limit,  as n ) c~ of xn. 
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6. (a) Let A be a real symmetric matr ix  and let u, v be eigenyectors 
associated to the (real) eigenvalues )~ and # respectively, where ~ # #. 
Prove tha t  u and v are orthogonal vectors. (y11) 
(b) Let A - -  0 1 . 

1 0 
P- lAP  is diagonal. 

Find an orthogonal mat r ix  P such tha t  
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